Physics 7: Analytical
Vlechanics

Lecture 16
Angular Momentum of a Solid Body

November 3, 2004



Capture Cross Section of a Star

> Let’s find the maximum impact parameter b for a remote
asteroid of mass m moving towards a star of mass M and
radius R with the velocity v,, for which it hits the star
(“captured” by it) and the “capture cross section,” ¢ = wb?

> If there is no gravity, b = R and ¢ = nR?

> If there is gravitational attraction, o = ©b? > ©R?; here b is
the initial iImpact parameter of a “grazing” trajectory.

> Note that both energy and angular mementum are

conserved (central force)
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Capture Cross Section (cont'd)

1

: |
> From energy conservation: E=K+U = Emv2 = mMGN; = const

> From angular moementum conservation:

L =r xmv = -mvrsin0k = const
> Initially, r = +oo; V. ='v,, rsind = b = E=E, =%mv§; L=L,=-mv,b
{L =-mv(R)-R =-mv,b

> At the time of a grazing impact: 1 1 =

E= Emvz(R)— GNMm% = Emvg
(V(R)=v,b/R
2G M] —>0o= TcR2(1 + GNMm/Rj = nR2( ——U(R))
I\
=

<
b2 = Rz 1+ INV2 2
( VgR 0/
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Torgue Due to Gravity

> For arigid body, the torque due to the force of
gravity is given by:
T=RxW
> Here R is the position vector of the c.o.m. and W
is the total weight of the body: W = Mg

3!

> Let’s prove it:

%i:mirixg:%zzmiixg:( mirijxg:
i

—_ —_

MR x g =RxW
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Angular Momentum and Fixed-AXis
Rotation 2o

> A particularly important practical case of S
rotational motion is a rotation about a fixed
axis (I.e., the direction of an axis is fixed,
but it can be translated, e.g. a car wheel) y

> When a rigid body rotates about an axis, every * x
particle remains at the same distance from the axis

> Let's choose a coordinate system with the point of origin
on the axis and axis z being the axis of rotation
const

Angular momentum:L, =, xmy, = L. k+ L, where L’ mvp, =mp:o
Hence, L, = ZL’Z Zm,p, o = lo , where

— 5
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Moment of Inertia for Simple
Objects

> Example 1: Moment of inertia of a point-mass
o |=mp? L =lo = mop?, where p is the distance from the axis

> Note: for continuously-distributed matter, the sum is
replaced by an integral:

> Example 2: Moment of inertia of a hoop

o Let’s consider a uniform hoop of mass M and radius R, rotating

about its geometrical center (“bicycle wheel”):
2nR

| = jpzdm = ijde, where A = M/2nR
0

2nR
@ | = jRﬂio!szwzm?=/\/IR2
0

R

ds 21R 27
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Moment ofi Inertia for Simple
Objects (contd)

> Example 3: Moment of inertia of a uniform disk

o Let's consider a uniform disk of mass M and radius R, rotating

about its geometrical center =

o Let's divide the disk into concentric hoops of
radius p and thickness dp @

« The area of this disk dA = 2xpdp and hence
the mass dm = MdA/A = 2Mrpdp/nR 2

» The moment of inertia of this ring is d/= dmp? =
2Mp*dp/R 2, and hence the total moment of
Inertia

R 4 2
2M 2M R MR
I=[dl= | pldp="5—=
R R~ 4 2

0
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Moment of Inertia for Simple

Objects (contd)

> Example 4: Moment of inertia of a stick
o Let's consider a stick of length L

L/2

rotating about the axis perpendicular L/2
to it and going through it center Q
L/2 L/2 3 |L/2 3 )
M M x M L I\/IL
= szdm: J- x> —dx=—"-
_L/2 —L/2 L L 3 —L/2 3L 8 12

> Example 5: The same, except that the axis Is at the end

ML2
3

L
M x°
L3

/—jx%mq jx-—dx—

> Example 6: A uniform sphere of radius R and mass

| _2MR’
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The Parallel Axis Theorem

> Let's assume that we know the moment
of inertia of a body relative to the axis
going throughiits c.0.m.; can we deduce
moment of inertia about a parallel axis at
a distance d from the c.0.m.?

> Let's set a coordinate frame with the axis
z along the new axis of rotation; then the
position of a small element of volume is:

5. =xi+yj and [ = D.mp;
If the position of the c.o.m. is (X,Y,Z), the
vector | to the z-axis that connects it to
the c.o.m. IS,

R, =Xi+Yj and p, =5/ +R,

TThe moment of inertia about the ¢.o.m.
axis is:

: 2 =/ >
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The Parallel Axis Theorem (cont'd)

> We get:
(=Y mp?=3"m 5 +R)2
Y. mp +2R, - Zmp,
IO+Md2+2RL-ZI,mi(;3,—R3L):
l + Md? + 2R, - MR - MR, |-
I, +Md® + 2R, -MR, = I, + Md?

> Thus, we proved the parallel axis theorem: the moment of inertia
about anaxis at a distance d from the c¢.0.m. is equal to the moment
of inertiarabout ai parallel axis going| through the c.o.m. I, plus;Md?=

I =1, + Md?
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Examples of Parallel Axes

> Example 1: Find the moment of inertia of a rod rotated

about one of it ends

> Solution:
=1, + M(L/2)? = ML4/12 + ML?/4 =
(3+1) ML?4/12 = ML?/3 — same as we
have derived explicitly before

> Example 2: Find the moment of inertia
of a disk rotated about an axis going
through its side

> Solution:
=1, + MR? = MR?/2 + MR? = 3MR?/2
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Dynamics ofi Pure Rotation About
an AXIs

> It's tempting to break the ~ We have:
torque Iinto an external and . dL _d | Idoa oo
internal ot = = %2 T — (o) = af

o Unfortunately, there is no way

o prove from the third where o Is angular acceleration:

Newton’s law that the total a=mn=0
internal torque is equal to 0, > Since the axis is fixed, we will
but it’s an experimental fact, drop index z: © = lo
whichi we will take for granted s fi o ;
for now > Let's mc_j the klne.tlc energy o
» Hence, change in the angular e r;)tatlng b0d3{'

momentum is due to the K=—S"mv’*==S"m(wo.) =
external torque 2 Z L] Z ’( p,)

> Let's now consider pure . o e’

rotation about axis z: 72”7/9,- ~T1{
L =lo :
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Announcements

> Homework #9 has been posted

> Second midterm will be delayed till' Friday,
November 19

o [hree problems on (non-)conservation of
energy, momentum, and angular momentum
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